The concepts of elliptic root system, elliptic Dynkin diagram and elliptic Weyl group were introduced by K. Saito to describe the Milnor lattices and the flat structures of semi-universal deformations for simply elliptic singularities [S] , [SO] , [SI] , [S2] .
Generators and relations of elliptic Weyl groups were studied in the context of elliptic Dynkin diagrams by K. Saito and T. Takebayashi [ST] . (This presentation of an elliptic Weyl group is a generalization of a Coxeter system. See Theorem 2.1). In their paper, they proposed the following problem: find generators and relations of "elliptic Lie algebras", "elliptic Hecke algebras" and "elliptic Artin groups" (the fundamental groups of the complements of the discriminant for simply elliptic singularities) in terms of the elliptic Dynkin diagrams,
In [SY] , applying R. Borcherd's construction of vertex algebras [Borl] , [Bor2] , K. Saito and D. Yoshii constructed the elliptic Lie algebras (which are isomorphic to the toroidal algebras [MEY] ) for homogeneous elliptic Dynkin diagrams. In addition, they described the fundamental relations in terms of the generators attached to the elliptic Dynkin diagrams. These relations are a generalization of the Serre type relations (for other appraches cf. [BM] , [Sll] ).
In this article, we shall give an answer to their problem for the case of elliptic Artin groups and elliptic Hecke algebras as an application of the twisted Picard-Lefschetz formula due to A. B. Givental [Gi] . As for the former groups, they have already been studied by H. van der Lek [L] under the name of extended Artin groups and from the view point of a/fine Dynkin diagrams for arbitrary affine root systems (see Theorem 5.1). Here we describe these groups in term of generators associated to the vertices of elliptic Dynkin diagrams that reflect the geometry of vanishing cycles of simply elliptic singularities (Theorem 5.2) . For this purpose, we restrict ourselves to the 1-codimensional case (Definition 2.3) that has rich geometry such as flat structure. As for the latter algebras, which are subalgebras of Cherednik's double affine Hecke algebras [Cl] , [C2] , [C3] , we can construct some irreducible finite dimensional representations as monodromy representations (Proposition 6.1).
The present paper is organized as follows. In Sect. 2, we give a brief review of elliptic root systems and elliptic Weyl groups. In Sect. 3, we will explain A. B. Givental's twisted Picard-Lefschetz formula. Then we will apply his theory to the case of simply elliptic singularites (Proposition 3.1). In Sect 4, we will define elliptic Artin groups (Definition 4.1) and explain the relation between elliptic Weyl goups and elliptic Artin groups (Theorem 4.1). In Sect. 5, we will explain the result of H. van der Lek about extended Artin groups (Theorem 5.1). Then we shall compare the Artin groups with extended Artin groups (Theorem 5.2). In Sect 6, we shall define elliptic Hecke algebras, and then we shall obtain finite dimensional irreducible representations of them (Proposition 6.1).
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Root Systems and Weyl Groups
We briefly explain elliptic root systems and elliptic Weyl groups following [SI] . Let F be a vector space over R with symmetric bilinear form (•, •) of signature (/+, Z 0l /_), where / + (resp. O is the dimension of a maximal positive (resp. negative) definite subspace of F and Z 0 is the dimension of the radical of (°, •). For a e F such that (a, a) =£ 0 , we define We call the Weyl group W(R):= (w a \a ^ R) associated with R elliptic Weyl group of R. Also K. Saito defined an elliptic Dynkin diagram for an elliptic root system as follows: Let G be a 1 -dimensional subspace of rad (-, •) which is defined over Q in the sense of K. Saito (see [SI] ). Then, the image of R in F/G is an affine root system R a . We fix a generator a of the lattice Gfl rad(°, •)-Note that the generator a is unique up to a choice of sign. We call (R, G) the marked elliptic root system. For any a e R a , put Proposition 2.1 (K. Saito [SI] Remark 2.1. The class of 1-codimensional elliptic Dynkin diagrams is an important subclass of elliptic Dynkin diagrams. Indeed, this is the only case that a flat structure has been constructed in [S2] .
From now on we shall assume that the elliptic Dynkin diagram is 1-codimensional (see Table 1 ).
To state the structure theorem of elliptic Weyl groups, we explain foldings of elliptic Dynkin diagrams due to K. Saito [SI] .
Let CR, G) be a 1-codimensional marked elliptic root system in a vector space over R, say F, with a symmetric bilinear form (-, •) and R a an affine root system which is the image of R in F/G. Set Aut (R, rad(-, •) 
Then there exists the natural projection and a section where .AwKrQ?, G)) (resp. -AwKrCR a ))). is the group of automorphisms of the elliptic Dynkin diagram FG?, G) (resp. affine Dynkin diagram rCR fl )). Then we have , G))/z 2 where Z 2 is the group generated by the parmutation of a and a* for Let £T be a subgroup of AwKr(/? a )) which acts on F through the section 0. Let F H be the invariant subspace of F by H. We define two mappings as follows: 
The list of 1-codimensional elliptic Dynkin diagram is given in the appendix. Now we attach an affine root system (R, G\ to a marked elliptic root system (R, G) as follows:
where R a is given as before.
Next we introduce t a e W^C/?, G) for all a e r(/? a ) as follows: For a 0 e TC^)^ set [SO], [SI] , [S2] , [ST] . K. Saito and T. Takebayashi [ST] gave presentations of elliptic Weyl groups as follows: Theorem 2.1 (K, Saito and T. Takebayashi [ST] ). Let (R, G) be a marked elliptic root system and W(R, G) the group defined by the following generators and relations:
relations: [SI] , [ST] ).
Remark 2.2. In this article, we only treat 1-codimensional elliptic Dynkin diagrams. In [ST] , K. Saito and T. Takebayashi treated more general elliptic root systems. § 3 8 Twisted Pieard-Lefschetz Formula
The relations of elliptic Weyl groups were obtained by studying the monodromy representations of simply elliptic singularities. To find generators and their relations of elliptic Artin groups attached to elliptic Dynkin diagrams, we want to construct a certain kind of deformation of the monodromy representations of simply elliptic singularities. Fortunately, A. B. Givental [Gi] has already studied q-deformation of monodromy representations of isolated hypersurface singularities using the so-called twisted Picard-Lefschetz formula (see also F. Pham [P] and LShimada [Sh] ).
First, we explain the classical Picard-Lefschetz formula.
Let /: (C 3 , 0) -> (C, 0) be a polynomial mapping such that / -1 (0) has a simply elliptic singularity (see [S] Here JJL = 1 + 2 and {0/}y = i is a C-basis of the Jacobi ring
\ox ay az / Let C^ be the critical set of 0 and Z) 0 the discriminant of 0. The discriminant Z) 0 is a reduced irreducible hypersurface in S. Let t r £ T = C^~{ be a point which is not contained in the image of the ramification locus of 7t\ D<f> . Set L f / := tt'}xcc:(y~1xc = s By choice of t' t there are exactly ^ intersection points of L t ' with the discriminant D 0 . We denote these points by p lt ..., ^. The fibre X p = has a singularity which is an ordinary double point. Choose a generic point p Q e L t \{pi, ..., pj. Then the fibre X PQ = <t>~l(p<) is a 2-dimensional manifold and homotopically isomorphic to a bouquet of # copies of sphere S 2 . Hence, the only non-trivial homology group of X Po is the group H 2 (X PQ , Z) which is a free Z-module of rank i±. The negative intersection numbers of cycles define a symmetric bilinear form ( • , • ) on this module with signature (/, 2, 0)(// =/ + 2).
Next, we shall explain the relation between elliptic Dynkin diagrams and vanishing cycles. Choose a simple arc /,-in L,> form p Q to p { not passing through the other p jm Then . By further specialization of this choice, the negative intersection matrix with respect to this basis yields an elliptic Dynkin diagram (see [Eb] , [Ga] , [S] , [SO] , [Si] ). Now, we explain the classical Picard-Lefschetz formula. To each path /,-, we associate an element 7,-e ^(L^, p 0 ) by going along /,-from p Q to a point near p it then turning counterclockwise in a small circle around p { and then returning to p Q along /,-. Then {7^ ..., 7^} is a set of generators of Ki(S\Dp PQ). The mapping is the projection of a fibre bundle. Hence one gets a monodromy representation
The map p has the following explicit description: Theorem 3.1 (Classical Picard-Lefschetz formula [P] Let us turn to a twisted version of the above formula following A. B. Givental [Gi] . Define F : Z -> C by and Since ^(Z) = Z, for a complex number <? e C*, we can define a representation n^Z} -* Aut(G}:
This representation induces a local system £ g on Z. Define Z r = pr^1 (S\£> 0 )nZ, then ^ : Z r -* S\D 0 is a fibre bundle whose fibre is a 3-dimensional complex manifold. For simplicity, we also denote by L q the restriction of L q to the fibre Z r (p 0 ) := pr\ l (p^). Then we get a monodromy representation This monodromy representation can be regarded as a g-deformation of the classical one as follows.
Denote the restriction of the mapping F to Z r (J? 0 ) by By the choice of p Q , F PQ has exactly /j, critical values. We denote these points by Pi, ..., p'^ Choose a simple arc j( in C* going from p { to a point near the origin, then turning counterclockwise in a small circle around it, and finally returning to p\ along the same way, and define a cycle d { e # 3 (Z r (J> 0 ), L^ by carrying the vanishing cycle e { along j[. Then we obtain the following: Theorem 3.2 (A. B. Givental [Gi] Givental's result in the above formulation is valid for all isolated 2-dimensional hypersurface singularities.
As an application in the simply elliptic case, we obtain by direct computations with the elliptic Dynkin diagrams the following proposition.
Proposition 3.1. Set Then g{, ..., g^ satisfy the following relations:
Let t-= g^, then g-t-g-t-= t-g-t-g-(4) Let t-= g-t-g-t-\ then g' k t-= t-g' k § 4 B Elliptic Weyl Group and Elliptic Artln Group
In this section, we will define elliptic Artin groups. Then we will explain the relation between elliptic Weyl groups and elliptic Artin groups.
Motivated by Proposition 3.1, we define the following group:
. Let (R, G) be a l-codimensional marked elliptic root system and T(R, G) be its elliptic Dynkin diagram. Define an elliptic Artin group A (R, G) by the following generators and their relations:
generators: g a a e T(R, G) 
Proof.
Here we prove (1) We can prove that the relation ct a = t a c is equivalent to the relation (ab*abcb^2 = 1 in the same way.
From Lemma 4.1 and Lemma 4.2, we obtain Theorem 4. Remark 5.1. Note that this is the fundamental group of the complement of the discriminant in the semi-universal deformation of a simply elliptic singularity ( [Lo] , cf. also [SO] , [SI] , [S2] ).
Let us recall the following result: Let C:= (c^Oo <;,;</ t>e an affine Cartan matrix and M:= (w f; -)o<f,y<^ be the Coxeter matrix determined by Cij as follows: Then we set inductively. The following lemma is the key step in the proof of our Theorem 5.2.
Lemma 5,L (0 Let N(R, G) be the subgroup of A(R, G) generated by {t a \a G T(R, G)}. Then N(R, G) is a free abelian subgroup isomorphic to the lattice Q((R, G) fl ).
(ii) Let $ e F(CR, G) fl ) 7na:r Then one has the following formulae for ?, G) fl )\r(0?, G) fl ) mfl:c :
ff a '> ^en its power c(R, a e rue, G~)\r(R a ) max a

G) ma?>G) is an element of the center of A(R, G) and belongs to N(JR, G). In particular, c(R,
where the n a are the coefficients of the generator b of the imaginary roots in
Proof.
Proof of (0 Here we prove (0 in the case of t = I. We can prove the other cases similarly to the case of t = 1.
For simplicity, we set a t := g a and t { • : = t a , i = 0, 1, ... , k. First, we prove t Q an d t l are commuting. By this relations and (E. 1.0), we obtain the commutativity of t { and t j for z, j = 0, 1, ..., k. Freeness of N(R, G) follows from the Theorem 2.1 (z) and Theorem 4.1.
Proof of (z'z) (0) and (2) 
Proof of (iif)
This part will only be relevant in Section 6. Here we only prove the case of G 2
(1 ' 3) (see Table in appendix). The other cases follows from similar computations.
In the case of G 2 (1>3) , the set of exponents is (m 0 , m lt ra 2 ) = (1, 2, 3) and the Coxeter element is c = a 0 fl i^2-By the relations of (E. 1.1) and (fz), (0) and (2) Hence we have
By (1) and (2) 
. Let (R, G) be a l-codimensional marked elliptic root system and (R, G\ the corresponding affine root system. Then the group A (R, G) is isomorphic to the extended Artin group A((R, G) fl ).
Therefore, we obtain generators and their relations of an extended Artin group in terms of the corresponding elliptic Dynkin diagram.
Remark 5.2. In [L] , H. van der Lek studies a more general case, where W^R^ is replaced by a Weyl group of an arbitrary Kac-Moody algebra. To such a group, one can attach an affinization of the Kac-Moody Dynkin diagram [S12] as an analogue of the elliptic Dynkin diagram. Our main result, Theorem 5.2, should go through in that situation as well. § 6. Elliptic Hecke Algebra
In [Cl] , [C2] , [C3] I. Cherednik introduced double affine Hecke algebras and proved Macdonald's inner product conjecture. In this section, we shall define the elliptic Hecke algebra which can be proved to be a subalgebra of his algebra. 
